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1. INTRODUCTION 
The purpose of this paper is to investigate the automorphism group of a 
finite permutational wreath product. Suppose then that R is a finite group, 
P is a transitive permutation group acting on a finite set Z, and 
G = R Wr(P, I). A formal definition will be given later but this means that 
G is the semidirect product of R', the direct product of IZ) copies of R, by P 
where P acts on R' by permuting the factors. Although the problem of 
determining the automorphism group of G has been studied before (see 
[7, 21, for example), except for a few special cases, the automorphism 
group of G has been given in terms of some potentially large subgroup of 
the automorphism group of R'. For example in [2], Aut(G) is determined 
provided we can find the normalizer in the group of all automorphisms of 
R' of the subgroup consisting of the automorphisms induced by the action 
of P. Even when all the groups involved are finite, it is not an easy matter 
to determine just the order of this normalizer. This is so even when G is the 
standard wreath product R Wr P (see 18, 13, 41, for example). The goal of 
the present paper is to characterize Aut(G) in terms of quantities such as R, 
P, Aut(R), Aut(P), and Hom(A, B), where A and B are appropriate sub- 
groups of R and P. 
One of the first questions to be considered is whether R' must be a 
characteristic subgroup of G. For the standard wreath product, Peter 
Neumann [ 123 showed that R' nearly always is characteristic and found 
necessary and sufficient conditions for this to occur. In [Z], Bodnarchuk 
shows that if R and P are finite groups and if R' is not a characteristic sub- 
group of G, then P has a nontrivial normal 2-subgroup and R is either 
dihedral or an elementary abelian 2-group. The converse of this is false, 
however, since it follows from a result in Section 3 of this paper that if R is 
any finite group and P is the group of all permutations of I with IZ( = 4, 
then R' is a characteristic subgroup of G. 
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Another difficulty has to do with the fact that R’ may be the direct 
product of copies of R in many different ways. If we were to require, for 
example, that R must be a nonabelian simple group, then this difficulty 
would disappear. We do not need to assume quite this much, however, and 
our main result assumes that R is a nonabelian indecomposable group. The 
methods of this paper probably could be used to handle the more general 
case when R has no nontrivial abelian direct factor but the problem seems 
quite difficult if R does have an abelian direct factor. (Houghton [8] deter- 
mined the automorphism group of the standard wreath product of two 
finite cyclic groups and the order, although not the structure, of the 
automorphism group of R Wr P when R and P are p-groups with R 
abelian is found in [S].) 
The main result of this paper is the following theorem (more information 
including the actual form of the automorphisms is given in Section 4 but to 
keep the introduction readable, only the order of the automorphism group 
is given here). 
THEOREM. Let P be a transitioe permutation group on the finite set I, 
II\ > 1, let H be the stabilizer in P of a point in I, and s the number of orbits 
of H on I. Let R be a finite nonabelian indecomposable group. Let 
G = R Wr( P, I) and let A be the group of all automorphisms of G which fix 
the subgroup R’. Then Inn(G) d A < Aut(G) and 
IA/Inn(G)1 
= IHom(H, Z(R)1 IOut(R)( IN Aut,P,(WInnH(P)l !Hom(R Z(RNp’. 
Furthermore, A = Aut(G) if any of the following are satisfied: 
( 1) H = 1 and either 111 > 2 or R is not a special dihedral group. 
(2) 111 > 2 and H is contained in some core-free maximal subgroup 
of P. 
(3) O,(P) = 1. 
(4) R is not of dihedral type. 
As an application of this theorem, we show how to find the 
automorphism group of the group R Wr(P, I) when P is a Sylow 
p-subgroup of the group of all permutations of Z, III =p”, and R is a finite 
group which has no nontrivial direct factor that is an abelian p’-group. 
This includes results in [4, 10, 11) where the automorphism group is 
determined both when R is a cyclic p-group and when p = 2 and R is a 
semidihedral 2-group. Typical of the results we obtain is the following. 
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THEOREM. Let P be a Sylow p-subgroup of the group of all permtations 
of the set I, where 11) =p” >p. Let R be a finite nonidentity abelian p-group 
and let G = R Wr(P, I). Then 
IAut(R)I (P - 1)” IQ,(R)l (P--Ltn(n--l):2 JHom(R, R)I”‘P-” 
$lRI >2, 
= P 
The results in this paper came directly out of the work in [S] and the 
same methods should work for twisted wreath products. Most of the 
theorems in Section 3 concerning whether or not R’ is a characteristic sub- 
group apply equally well to these groups. 
2. NOTATION AND PRELIMINARY RESULTS 
Unless otherwise stated explicitly, all groups in this paper are assumed to 
be finite and all permutations and automorphisms operate on the right. 
For any positive integer n, S, is the symmetric group of degree n and we 
regard S, as acting on the set n = { 1, 2, . . . . n}. If R is a group and I is a 
nonempty set, then R’ is the group of all functions defined on I with values 
in R. Multiplication in R’ is defined by fg( i) = f (i) g(i) for all S, g E R’ and 
igl. If P is a group which permutes the set 1, then P operates on R’ 
according to the rule 
f”(i) = f(i.C’) 
for all f E R’, .YE P, and iE Z. Then the wreath product R Wr(P, I) is the 
semidirect product of R’ and P. If I= P and the representation of P on I 
is the regular representation, then we have the standard wreath product 
written simply R Wr P. 
If G is any group, then Aut(G), Inn(G), and Out(G) are the group of all 
automorphisms of G, the group of all inner automorphisms of G, and the 
group Aut(G)/Inn(G), respectively. If x is any element of G, then i, is the 
inner automorphism g -+ x ~ ‘gx for all g E G. If H is a subgroup of G, then 
Inn,(G) = (ix I XE H}. The normalizer of H in G is written N,(H), the 
centralizer is C,(H), and ZVAutcGj (H) is the subgroup of Aut(G) consisting 
of those automorphisms of G which map H onto H. Note that Inn,,(G) is a 
normal subgroup of NAutcGj (W. 
The center and commutator subgroup of the group G are represented by 
Z(G) and G’, respectively. The socle of G, written Sot(G), is the product of 
all minimal normal subgroups of G. If p is a prime, then O,(G) is the 
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largest normal p-subgroup of G and O”(G) is the smallest normal subgroup 
of G such that the factor group is a p-group. If G is a p-group, then B,,(G) 
is the subgroup generated by all elements of order dividing p”. We write 
H < G if H is a subgroup of G while Ha G indicates that H is a normal 
subgroup. If we wish to exclude the possibility that H could equal G, then 
we write H < G or H CI G. The index of H in G is [G : H] and a right (left) 
transversal of H in G is a set of representatives of the right (left) cosets of 
H in G. If L’ is a Subset of G, then (L;) is the subgroup generated by CL 
The commutator s ‘.t-‘sj. is denoted [IX, J] and [H, K] is the subgroup 
generated by all the elements [h. k] with hi H and kE K. 
For any positive integer tz, Z,, is a cyclic group of order n. The core of 
the subgroup H in G is the intersection of all conjugates of H. If the core of 
H is the identity, then we say that H is corefree. 
The group G is of dihedral type if G = G,(t) where G, is a normal 
abelian subroup, r is an element of order 2, and t ‘xt = .C ’ for all x E GO. 
If in addition, G, has odd order, then G is said to be a special dihedral 
group. Note that a group of order 2 is a special dihedral group and every 
elementary abelian 2-group is of dihedral type. Also O’(G) # G if G is of 
dihedral type. The significance of these groups lies in the following two 
results. 
2.1. THEOREM (cf. [ 12, Theorem 9.121). Let G = R Wr P, where R and 
P are finite groups. Then RP is not a characteristic subgroup of G if and onl) 
g IPI= and R is CI special dihedral group. In this case, [Aut(G): 
12; +,u,,(;,(R’)l =2. 
2.2. THEOREM (cf. [2. Theorem 11). Let G = R Wr( P, I), where P is a 
transitice permutation group on the.finite set I and R is a finite group. If R’ 
is not a charucteristic subgroup qf G, then O,(P) # 1 and R is of dihedral 
t>‘pe. 
If Cr and P’ are groups. then Hom( C:, V) is the set of all homomorphisms 
of c’ into V. If b’ is abelian, this has the structure of an abelian group. The 
starting point for the work in this paper is the following result from [5]. 
2.3. THEOREM (cf. [S. Theorem 4.1 I). Let G = R Wr( P, I), let K be the 
direct product of all but one of the copies of R in R’, let A = NAu,,G,(K)r and 
let H be the stabilizer in P of a point in I. Then A is isomorphic to the 
semidirect product 
Hom(H, Z(R))(Aut(R) x NAU,,Pj(H)) 
and A Inn( G),%n( G) is isomorphic to the semidirect product 
Hom(H, Z(R))(Out(R) x (NA,,cp,(H)!Inn,(P))). 
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The above result remains true without any finiteness assumption. 
Although this result was responsible for the work represented in this paper, 
the arguments to be given later are independent of Theorem 2.3. Another 
result from [S] which is used is the following. 
2.4. LEMMA (cf. [S, Lemma 2.21). Let P be a transitiue permutation 
group on the set I and let Q be the normalizer of P in the group qf all per- 
mutations of I. Then 
Q/P 2 JVAUr,P,( H)/Inn,(P). 
Finally we state for future use some information about the Sylow 
p-subgroups of the symmetric groups of degree a power of p. 
2.5. THEOREM. Let p be a fked prime and let P,, be a Sylow p-subgroup 
of the symmetric group of degree p”. Let H,, be the stabilizer in P,, of a point 
and let N,, be the normalizer of P, in the full symmetric group. Then the 
following are true: 
(1) P,ZP,_, Wr Z,zZ, Wr(P,,+,,p”-‘)for n>l. 
(2) N,,lP,, is the direct product qf n copies of Z, _ , . 
(3) IP,,I =pry where t= 1 +p+ ... +p”--‘. 
(4) H,, is isomorphic to the direct product of p - 1 copies of the group 
(P”X ... x PI!+,). 
(5) H,r has n(p- 1)+ 1 orbits on p”. 
(6) P,,;PA is elementary* abelian of order p”. 
(7 ) H,, lH :, is elementar!. abelian of order p”‘” ~ ’ ‘Ip - ’ “2. 
Proof Parts (I), (3), and (6) are well known and can be found in 
almost any standard text. Parts (4) and (5) follow from the fact that H,, is 
a Sylow p-subgroup of the symmetric group of degree p” - 1. Finally, (7) 
follows from (4) and (6) and (2) may be found in [3]. 
3. CONDITIONS FOR A SUBGROUP To BE CHARACTERISTIC 
Before getting to the theorems, we fix some notation. We say that (*) is 
satisfied if G is a finite group with a normal subgroup M such that 
M=R,x ... xR,,where {R,l l<idn)isthesetofallconjugatesinGof 
R = R,. We also assume that N is the normalizer in G of R and M is the 
core of N in G. Note that this last condition is equivalent to the statement 
that the elements of M are the only elements of G which normalize each of 
the subgroups R,, . . . . R,. Note also that the wreath product R Wr(P, n) 
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with P a transitive subgroup of S, satisfies all of the above conditions. 
There are other groups also satisfying these conditions such as twisted 
wreath products and also nonsplit extensions of M. In any event, if G 
satisfies (*), then G is the induced extension (this is defined in [6]) of 
3: 1X:/K + G;M, where K is generated by the Ri with i> 1 and c( is the 
homomorphism mapping KS to MX for all x E N [6,4.1( 1 )]. We start with 
a simple characterization of the standard wreath product. 
3.1. LEMMA. Assume (*). [f N = M. then G z R Wr(G/M). 
Proqf Theorem 4.1( 1) of [6] implies that G is the induced extension of 
1: M/K--f G/M, where K = R, x . .. x R, and r takes every element of M/K 
into the identity of G/M. But the standard wreath product R Wr(G/M) 
also is an induced extension of 2: M/K + G/M and so Corollary 3.3 of [6] 
shows that G must be isomorphic to R Wr(G/M). 
3.2. THEOREM. Assume (*). If n > 2 and N is a maximal subgroup qf G, 
then M is a characteristic subgroup of G. 
Proof: Assume that we have a counterexample with \Gl minimal. The 
hypothesis implies that GjM is faithfully represented as a primitive per- 
mutation group on the conjugates of R. In particular, therefore, if H/M is a 
nonidentity normal subgroup of G/M, then R, and R, are conjugate in H 
for all i and j. Since we are assuming that M is not a characteristic sub- 
group of G, certainly I RI > 1. We now proceed via a series of steps. 
1. O,(R) = 1 for all primes p. 
Proof: Suppose L = O,(M) f 1 for some prime p. Now 
L=O,(R,)x ... xO,(R,) 
and so M:‘L = 1 or G/L satisfies the hypothesis of the theorem. Our 
minimality assumption on IGI means that M/L must be a characteristic 
subgroup of G/L. Since M is not a characteristic subgroup of G, L cannot 
be characteristic in G. Hence L” # L for some 0 E Aut(G). Since L” is a nor- 
mal p-subgroup of G and since L = O,(M), we must have L” 4 M. Then 
L”M/M is a nonidentity normal p-subgroup of GjM. Let P/M= 
Z( L”M/M). Then P/M must transitively permute the conjugates of R. Since 
M is the core of N in G, P/M is faithfully represented as a permutation 
group on these conjugates. Since P/M is abelian, it follows that the per- 
mutation representation of P/M is the regular representation. Since G/M is 
faithfully represented as a permutation group on the conjugates of R and 
since PiM is a normal abelian regular subgroup, we conclude that P/M is 
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its own centralizer in G/M and P/M= Soc(G/M). But L”M/M centralizes 
P/M and so 
L”M/M = P/M = Soc( G/M). 
Thus we have shown that if go Aut(G) and L” # L, then L”M= P, where 
P/M= Soc(G/M). Since L” # L for at least one o E Aut(G) and since 
L<M<P, we see that 
P=M(L” 1 a~Aut(G)). 
Now let H = (L” 1 c E Aut(G)). Then P = MH and H is a characteristic 
subgroup of G. From L d O,(G), it follows that Hd O,(G). Then 
HnM<O,(M)=L<HnM. 
Therefore H n M = L. This implies that [M, H] d L. Now 
M’Lz(R,;O,(R,))x ... x(R,JO,(R,,)) 
and P transtively permutes these factors. Further, M normalizes each of 
these factors and, since [M, H] < L, H also normalizes each factor. Since 
P=MHandn#l,wemusthaveM/L=l.ThenM=L~HandsoP=H. 
Hence P is a characteristic subgroup of G. Since M is not characteristic in 
G, it follows that M cannot be a characteristic subgroup of P. 
Consider P though. The group P;M acts regularly on the conjugates on 
R and so P, in place of G: satisfies the hypothesis of Lemma 3.1. Hence P is 
isomorphic to R Wr(P/M). Since M is not characteristic in P, it follows 
from Theorem 2.1 that 1 P/MI = 2 and R is a special dihedral group. Since 
P:IM acts regularly, we would have 2 = (P/MI = n contrary to the 
assumption that rz > 2. Thus O,(M) = 1 for all primes Q. Then O,(R) = 1 
for all p. 
2. If Li = Soc(Ri), then (L, ( 1 < i < n) is a characteristic subgroup 
of G. 
Prooj: Let H be a minimal normal subgroup of G. If H 4 M, then 
HM must act transitively on the conjugates of R. This would imply that 
[H, M] # 1. Since H and M are normal subgroups of G, we would have 
H n Mf 1. But then H 6 M. Hence M must contain H. From the previous 
step, H is nonabelian and so H is the direct product of conjugate simple 
nonabelian groups. It follows that 
H=(HnR,)x ... x(HnR,,)<L,x ... XL,. 
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This implies that (Li ) 1 d i6 n) = Sot(G) and so is a characteristic sub- 
group of G. 
3. Contradiction. 
Proof. Let L=L,x . ..xL.,. Then ILJ>l and M/L=1 or G/L 
satisfies the hypothesis. Hence M/L is a characteristic subgroup of G/L. 
Since L is characteristic in G. it follows that M is a characteristic subgroup 
of G. 
3.3. COROLLARY. Assume (*). Assume further that n > 2 and that NJM 
is contained in some core-free maximal subgroup of G/M. Then M is a 
characteristic subgroup of G. 
Proof. Suppose N< H, where H/M is a core-free maximal subgroup of 
G/M. Let m = [G : H] and t = [H : N]. Then mt = n and if 
Q = (.u~‘Rs 1 SE H), Q must be the direct product of t conjugates of R. 
Since H is a maximal subgroup of G, the normalizer of Q in G must be H 
and 
M=Q,x ... xQ,, 
where (Qi I 1 < ib m) is the set of all conjugates of Q in G. Since HIM is 
core-free in G/M, H is not a normal subgroup of G. Hence m > 2. If we 
now replace R and N by Q and H, respectively, then the hypothesis of 
Theorem 3.2 is satisfied. Therefore, M is a characteristic subgroup of G and 
the corollary is proved. 
3.4. THEOREM. Let P be a transitive permutation group acting on the 
finite set I. 111 = n. and let H be the stabilizer in P of a point. Let R be a 
finite group, let G = R Wr(P, I), and let M = R’. Then M is a characteristic 
subgroup qf G if anJ of the following conditions are satisfied: 
(1) H = 1 and either n # 2 or R is not a special dihedral group. 
(2 ) n > 2 and H is contained in some core-free maximal subgroup of P. 
(3) O,(P) = 1. 
(4) R is not of dihedral type. 
Proof This follows immediately from 2.1, 2.2, and 3.3. 
Note that if P acts primitively on I and )ZI > 2, then condition (2) above 
is satisfied. Whereas the result in 2.2 is proved only for wreath products, 3.2 
and 3.3 can be applied more widely. A result similar to 2.2 which, for exam- 
ple, could be used on twisted wreath products is given below. This theorem 
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is stated for information only and is not required elsewhere in the paper. 
Interested readers may write the author for the proof. 
3.5. THEOREM. Assume (*). Assume either that O’(R) = R or that 
O,(G/M) = 1. Then M is a characteristic subgroup of G. 
4. THE AUTOWORPHLSMS 
Throughout this section, we assume P is a transitive permutation group 
on the finite set Z, (II > 1, H is the stabilizer of the point i, E Z, R is a finite 
group, and G is the wreath product R Wr(P, I). Let M= R’, 
K=(m~Mlm(i,)=l), and for iEZ, let Ri={mEMIm(j)=l for all 
j# i}. Let ,V= N,(K). Then N= MH. The elements of G have the form mx 
with mEM and XE P and x-‘mx=m’, where m”(i)=m(ix-‘) for iEZ. Let 
s be the number of orbits of H on Z. Obviously, s 2 2. For each iE Z, there 
exists tie P such that i = i, ti. We assume that tie = 1. Let T be the set 
{ ti ( ie Z>. Then T is a right transversal of N in G and also of H in P. Let Q 
be the normalizer of P in the full symmetric group on Z. Now A4 is the 
direct product of (Rj ) iE I) and Riz R. We will identify R with R,. Let D 
be the diagonal subgroup of M. Then D = C,w(P), M= DK, and D n K = 1. 
Let A be the group of automorphisms of G which fix the subgroup M. 
Finally, we assume that R is a nonabelian indecomposable group; i.e., R is 
not the direct product of two proper subgroups. It should be noted that the 
full force of these assumptions is not used until the proof of Lemma 4.11. 
Indeed, Lemma 4.1 through Lemma 4.10 remain valid if R is any group 
and without any finiteness assumptions on Z and R. 
We now describe some subgroups of A. If z E Aut(R), then CI* E Aut(G) is 
defined by 
(n~x)~* = m’*x, where m’*(i) = m(i)” 
for all m E M, .V E P, and i E I. Then CI* E A. Let A, be the subgroup of A 
consisting of u* for all CXE Aut(R). Then A, rAut(R), A, n Inn(G) = 
Inn,(G), and [P, A,] = 1. 
If J’ E Q, define y* E Aut(G) by 
(mx)J* = (m.‘)(y -‘xy), where m)‘(i) = m(iy -‘) 
for all meM, XEP, and iEI. Let A,={y*ly~Q>. Then A2<A and 
A, 2 Q. Note that A, contains Inn,(G) and, by Lemma 2.4, 
A,lInn,(G) 2 Q/P = ~A,,,p,(WInnH(P). 
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Further, the proof of Lemma 2.2 in [S] shows that if r is any 
automorphism of P which fixes H, then there is a y E Q such that i, J- = i, 
and x1 = J -‘.X-J for all x E P. Then .Y’ l = ?c’ for all x E P and y* fixes K. It is 
easy to see that [A,,A2]=A,nA,=1. 
If 3. E Hom( H, Z(R)) and if .Y E P, let xi be that element of M such that 
x”(i) = %(t,xt,; ‘) 
for all ie I. (Note that t,.ut,;’ E H since i,t,x = ior,,) Then xi belongs to 
Z(M). Define i.* on G by 
(mx)“’ = (mxi) x 
for m E M and SEP. It follows easily that i.* E A, and if 
A, = {j** 1 E,E Hom(H, Z(R))}, then A, d A and A, z Hom(H, Z(R)). 
Every element of A, fixes each element of M and also each element of G/M. 
It follows from this that A, n A, A, = 1. Since t, = 1, it follows that if h E H 
and i, E Hom(H, Z(R)), then h”(i,) = i.(h). 
4.1. LEMMA. Suppose U Q N and N/K = (A4/K) x ( UK/K). Then 
KU”=KHfor some SEA,. 
Proof: Let N, R, H, and U be the images in NiK of N, R, H, and U, 
respectively. Then N = R x H = R x U. Hence 
U= {%(h)h I hEH} 
with j. E Hom(H, Z(R)). Since R z R, there exists p E Hom(H, Z(R)) such 
that KU=K{p(h)h 1 hEH)=KHi’*. If a=(~*))‘, then certainly 
KU” = KH. 
4.2. LEMMA. Suppose P, is a complement to M in G and 
(P,nN)K=HK. Then P;=PforsomeaEInn,(G). 
Proof: This follows from [6, Theorem 4.2(2)]. 
4.3. LEMMA. Suppose r E Aut(G) and (Y fixes N and P. Then there exists 
b E A, such that p fixes K and R and XP fixes each element of P. 
Proof. Note that 
H”=(PnN)“=PnN=H. 
Thus r induces an automorphism of P which fixes H. Therefore there is a 
J’ E Q such that i,,~ = i, and x1 = J -‘xy for all XE P. Now let b= (y*)-‘. 
Then /l has the desired properties. 
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4.4. LEMMA. Suppose r E Aut(G) and K” = K. Then there exists /? E A, 
such that E/I fixes each element of M/K. 
Proof: Since M is the normal closure of K and K” = K, tl must fix M. 
Identifying M/K with R in the obvious way, let 7 be the automorphism of 
R induced by x. Then if /I = (7 * ) - ‘, we see that X/I centralizes M/K. 
4.5. LEMMA. A, Inn,,,,(G) consists of all automorphisms of G which fix 
each element of both M and G/M. 
Proof: Clearly every number of A, Inn,,,,(G) fixes each element of M 
and G/M. Now suppose x E Am(G) and 
[M, a] = 1 = [G/M, r]. 
Then u must fix the subgroups K and N and (H”K;K) must be a normal 
complement o M/K in N/K. By Lemma 4.1. There exists /IE A, such that 
HzBK= HK. Let 7 = X/I. Then 7 also fixes each element of M and G/M and 
H;‘K = HK. Since P’ must be a complement o M in G and since 
(P’nN) K=K(PnN)“‘=KH?=KH, 
Lemma 4.2 implies that there is p E Inn K(G) such that PFp = P. If v = ;jp, 
then v fixes each element of G/M and P’ = P. Since P is a complement o 
M in G and since Y fixes P, we see that v must fix P elementwise. Since 7 
fixes each element of M and p fixes each element of N/K, v is the identity 
on M/K. But N = MH and v centralizes H. Hence [N/K, v] = 1. Thus v is 
an automorphism of G which fixes each element of G/M and N/K. It 
follows from Corollary 3.2 of [6] that v~Inn,(G). Since PE Inn,(G), it 
follows that y E Inn,(G). Since, however, 7 fixes each element of M, we 
must have 7 E Inn,,,,(G). Then a E A, Inn&G). 
4.6. COROLLARY. A, Inn,,,,(G) _a A. 
Note that since Z(M) = Z(G) x Z(K), Inn,,,W,(G) = Inn,,,,(G) which is 
isomorphic to Z(K). 
4.7. LEMMA. A, n Inn(G) = 1. 
ProoJ: Suppose r E A, n Inn(G). Then g” = x ~ ‘gx for some fixed x E G 
and all g E G. Now [M, A3] = 1 and so x E C,(M) = Z(M). Thus we may 
assume that XE Z(K). Certainly x centralizes N/K. Since r E A,, Q = I.* 
for some i. E Hom(H, Z(R)). If h E H, then on the one hand (since 
[N/K, !x] = l), h ~ ‘h’ E K, and on the other hand (since a = i.*), 
(h-‘h”)(i,) = i.(h). This implies that l(h) = 1 for all h E H. Then CI = 1 and 
the lemma follows. 
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Now let A, = {X E Am(G) ) K’ is conjugate to K in G}. Since M is the 
normal closure of K in G, A, < A. Furthermore, A, contains all four of the 
groups Inn(G), A,, A,, and A,. Now Inn,W(G) and A, Inn,,,,(G) are nor- 
mal subgroups of A and their product is A,Inn,(G). Thus 
A, Inn,JG) d A. Since A, and A, both fix K7 we see that A, Inn,(G) is a 
subgroup of A, which is normalized by A,. Since Inn,+,(G) A, = 
Inn K(G) A, and since A, centralizes A,, A2 must normalize A, A, InnJ G). 
It follows that A, A,A, Inn,(G) is a subgroup of A,. 
4.8. LEMMA. A, = A, A,A, Inn,(G). 
ProoJ Let s( E A,. Then K and K’ are conjugate in G. Now the nor- 
malizer of I K in G is N and T is a right transversal of N in G. Since 
Tc P Q Q, there exists a, E A2 such that za2 fixes K. Then aa: must also fix 
X. Therefore H”“‘K/K must be a normal complement o M/K in N/K. 
Hence, by Lemma 4.1, H “‘?K = HK for some a3 c A,. Then cra,a, fixes K, 
Pr”2u’ is a complement o M in G, and 
K( P”“~ n N) = K( P n N)z“2u5 = KH, 
Thus. by Lemma 4.2, there exists b E Inn.(G) such that ra2a3/? tixes both 
of the subgroups P and K. Lemma 4.3 now implies that there exists 6, E A, 
such that za2a,/?b2 fixes K and ra,a,j?b, fixes each element of P. Next, by 
Lemma 4.4, there is some a, E A, such that raza,~b,a, fixes each element 
of M/K. Since [P. A,] = 1, we see that ra,a,/?b2a, fixes each element of P. 
Let 7 = xa,u,jlb,a,. Then ;’ fixes K and [P. 71 = 1 = [M/K, 71. It follows 
that [G. ;!I d K. Since K is a core-free subgroup of K and since [G, 71 ZY G 
(since I*-‘[x, ;‘]J= [s,r, ;!][J,Y]~’ f or all X, FE G), we conclude that 
[G, 71 = 1. Hence 7 = 1. Then x = (a,a~~bza,)-‘. Since A, A,A, Inn,(G) is 
a subgroup of A,, it follows that r must belong to A, A,A, Inn,(G). This 
proves the lemma. 
To simplify the notation, let A, = Inn.(G). Then AI s K. 
4.9. LEMMA. Each element of A, can be represented in one and only one 
\ral as u,a2a3a, ivith aiEAifor 16id4. 
Proof Suppose a E A,, and r = u,a2a3a4 = b, b,b,b4 with ui and bi in Ai 
for 1 d i< 4. Now the elements of A,, A,, and Ad, fix each R;. Thus a, and 
b, must determine the same permutation of the subgroups { Ri 1 ie I}. Since 
A, is faithfully represented as a permutation group on { Rj I i E I}, we must 
have a, = b,. Since A, and A, commute elementwise, it follows that 
u,u,u,=b,b,b,. But u,a, and b,b, act trivially on M/K and a,a3u4 and 
b, b, 6, both fix K. Thus a, and b, must induce the same automorphism of 
M/K. Since A, acts faitfully on M/K, we must have a, = b, and 
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n3u4 = b,b,. Since A, n A4 d A 3 n Inn(G) = 1 by Lemma 4.7, this implies 
that a3 = 6, and a4 = b,. 
4.10. LEMMA. The orders of A, and A,jInn(G) are as follows: 
lAoI= IAut(R)l IN Autfp,(W/InnH(P)I IPI IHom(K Z(E)) IRI”‘-‘. 
IA,JInn(G)I = lout(R)/ IN A.t,p,(WInnH(f’)l lHom(K Z(W)l. 
Prooj: The orders of A,, A,, A,, and A, are IAut(R)I, /Q/PI IPI, 
IHom(H, Z(R))I, and IRI = lR)‘f’P’, respectively. The order of A,, then 
follows at once from Lemmas 4.9 and 2.4. The formula for the order of 
A,/Inn(G) is a direct consequence of this (it also follows from Theorem 
2.3). 
For the rest of this section, we need to use the assumptions that R is 
indecomposable and that R and I are finite. Since R is indecomposable and 
nonabelian, M cannot have a nontrivial abelian direct factor. Now let 
A,={xEAI [P,r]=l and [R,sr],<Z(K)}. Note that A, may not be a 
subgroup of A but certainly A, is a nonempty subset of A. 
4.11. LEMMA. Distinct elements of A, belong to distinct right cosets of A,, 
in A. 
Proof: Suppose a, /I E A, and A,a = A,P. Then r/I -’ E A, and so KxB-’ 
is conjugate to K in G. Consequently, +’ fixes the set of all conjugates of 
K in G. Since each Ri is the intersection of all but one conjugate of K, it 
follows that a/I;’ must fix the set of all conjugates of R. Hence RZB-’ is 
conjugate to R :n G. But r and /3 both normalize RZ(M). Therefore, s( and 
B normalize (RZ(M))’ = R’. 
Hence (R”“-‘)’ = R’. S’ mce Ri n R, = 1 for i # j and since RZB-’ = Ri for 
some ie 1, we see that R’“-l = R. Then R’ = RP. Now [x, a] is contained in 
Z(K) for all x E R. Hence x2 = xf(x) for all x E R, where f is some function 
defined on R with values in Z(K). Similarly, there is a function g defined on 
R with values in Z(K) such that xB = xg(x) for all x E R. Now let XE R. 
Since R” = RP, there must be some y E R such that xf(x) = Ja(Y). From 
R n K= 1, it follows that x =J and f(x) =g(y). Since x was an arbitrary 
element of R, we conclude that f = g and x’ = xp for all x E R. This implies 
that ap- ’ centralizes R. By definition of A,, rp-’ also centralizes P. Since 
G is generated by P and R (here we are using the finiteness of R and I), it 
follows that ap ~ ’ = 1. Then a = /3 and the lemma is proved. 
4.12. THEOREM. A = A,A, = A,A, and A, is both a left and right trans- 
uersal of A, in A. 
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Proof: Clearly A,A, z A. Now suppose a E A. M is the direct product 
of the indecomposable groups {Ri 1 in I} and also M is the direct product 
of the groups (R; 1 ill). Then the groups {R,Z(M)/Z(M) 1 i~f} and 
{R:Z(M)/Z(M) 1 iEl} are the same although perhaps not in the same 
order [9,1.12.3]. Hence- R”Z(M)=R,Z(M) for some ill. Since A, 
transitively permutes (R, 1 ie I), there must be some QE A0 such that if 
/I = ,xra, then R”Z(M) = RZ(M). This implies that (Rp)’ = R’. By the Krull- 
Remak-Schmidt theorem [9], R” may replace some R, in 
M=R,xR,x . . . . 
But if j # i,, then 
Hence R” can only replace R. This implies that 
M=RBxK. 
Since RfiZ( M) = RZ(M), since HD must normalize RB, and since 
Z(M)dG, we have 
H”<NG(RZ(M))=MNp(RZ(M))=MH=N. 
(Note that if XE P- H, then (RZ(M))-‘= R,Z(M) for some Ri# R. Then 
R: # R’ and R,Z(M) # RZ(M).) Since N= HM and M is fixed by all 
elements of A, we see that Np < N. Thus ND = N. 
Since H is a complement to M in iV, HB must be a complement to M in 
A’. Now M= R x K and 
[RB, H”] = [R, H]” = 1. 
We now see that N/K= (M/K) x (H j K/K). Lemma 4.1 now implies that 
there exists b E A, such that H’K = HK if 1’ = /lb. Since A, centralizes M, we 
have R7 = Rp. Therefore, R’Z( M) = RZ( M), N 7 = IV, and H’K = HK. Now 
P” is a complement to M in G and 
It follows from Lemma 4.2 that there is some c E Inn,(G) such that if 
6 = yc, then P” = P. Since Inn,(G) fixes R, we have R” = R’. Then 
R”Z(M) = RZ(M). Since N = NJRZ(M)), b must fix N. 
Now Lemma 4.3 shows that for some do A,, bd fixes each element of P 
and d fixes R. If (T = 6d, then [P, o] = 1, and R” = R’. Then 
R”Z(M) = (R6Z(M))d= (RZ(M))d= RZ(M). 
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Now 6, c, and d all fix R and hence also fix K. Then M= Mhrd = 
( RD x K)b“d = R” x K. But then 
R” x Z(K) = R”Z( M) = RZ( M) = R x Z(K). 
Let p be the projection of R x Z(K) onto R. Then P E R for all x E R 
and R” n ker(p) = R” n K= 1. Thus the mapping 
is an automorphism, call it T. of R. Now T* EA,, [P, s*] = 1, and r* fixes 
K. If Y=~(T*)~', then [P, V] = 1 and 
x”Z( K) = xZ( K) 
for all s E R. This implies that [R, v] 6 Z(K). Hence v E A 5. Since 
v=rabcd(r*)-‘, 
we see that aeA,A,. Therefore, A = A,A,. Then IA( d IAs1 lAoI. But it 
follows from Lemma 4.11 that IAl B IAs1 lAoI. Thus IAl = [AsI (A,(. This 
implies that A = A,A, and A, is both a left and a right transversal of 
A, in A. 
4.13. COROLLARY. Ecery element of A can be represented in one and only 
one way as a,a2a3a1a5 with ais Ai for 16 id 5. 
Prooj: This follows immediately from Theorem 4.12 and Lemma 4.9. 
We now construct the members of A,. 
4.14. LEMMA. Let s( E A,. Then 
(1) Iff(x)=x ‘x2 for all x E R, then f E Hom(R, C,(,,(H)). 
(2) Zf ljEAs andx~‘x’=x ~ ‘.us for all x E R, then z = /I. 
Proof: From 1 = [H, R] = [H’, R’] = [Zf, R’], we see that H cen- 
tralizes .Y -‘Y for all XE R. Hence if f(x)=x-‘x1, then f(x) belongs to 
C,,,(H). The definition of AS implies that f(x) E Z(K) and so 
f(x) E C,-,,(H). Let X, J E R. From xX = +uf(x) and .u”y’ = (xJ)“, we obtain 
f(-v)=.v'f(x).m). 
However, f(x) E K and so y and f(x) commute. Hence 
f(w)=f(x)f(??). 
It now follows that f E Hom(R, C=,,JH)) and (1) is proved. 
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Now suppose /? E A, and x-‘.xX = ?c- ‘.x0 for all XE R. Then rfl--’ must fix 
every element of R. But !I and p centralize P. Hence [P, a/? ~ ’ ] = 1. Since P 
and R generate G, X/V = 1. Therefore Q = p and (2) is proved. 
We now see that lAsj < (Hom(R, C,,,,(H))I. Next we show the con- 
verse, that every element of Hom(R, C Z,K,(Hjj gives rise to an element 
of A,. 
If JE Hom(R, C,,,,(H)), define the function ,u~ on A4 by 
Pflrn)= n rrp'f(m(i)) [i. 
iel 
Now m(i) E R for all i and f(nz( i)) E Z(K) < Z(M) 9 G. Therefore for all 
i E I, t,~ ‘f(m(i)) ti E Z(M). Since Z(M) is abelian, p,(m) is well defined. 
Clearly, pr maps M into Z(M). 
4.15. LEMMA. Let f~ Hom( R, C,,,,(H)). Then 
(1) P., E HomtLU, Z(M)). 
(2) pr is independent of the choice of (ti 1 in I}. 
(3) ffuc R, then p,-(u)= f(u). 
(4) [f m E M and x E P, then p-,-(mx) = .Y- ‘p,(m) x. 
Proof Let m, n E M. Then 
p,(mn)= fl t,:~‘f(m(i)n(i)) ti= JJ (f,:‘f(m(i) ti)(r;‘.f(n(i)) r,) 
IEI it/ 
= P,(m) p.An). 
This proves (1). If we choose another transversal of H in P, this would 
have the effect of replacing ti by hit, for some hie H. Since, however, 
f(m(i)) E C,,,(H) for all m E A4 and i E Z, 
(hit;)-’ f(m(i))(hiti)= t,T’f(m(i)) ti. 
Therefore, (2) follows. Now suppose u E R. Then u(i) = 1 if i # i, and 
u(i,,) = U. Since fi,, = 1, we readily obtain ~Au) = f(u). Thus (3) is proved. 
Now let mEM, XEP, and icl. Let j=i,u-‘. Then i,tix-‘=iOtj and so 
tis - ’ = hr.i for some h E H. Then 
.ur;‘f(m(iK’)) t,x-’ = r,-‘h-‘f(m( j)) ht,= r,:‘f(m( j)) tj. 
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As i runs through all elements of I so does j. Also m(ix ‘) = m”(i). It now 
follows that 
pfjm)= n t,:‘f(m(j))fj=n .Kt,~‘f(m~‘(i))r,x~‘=x~~m~)x~’ jCl it/ 
This implies (4) and the lemma is proved. 
If fg Hom(R, C,,,,(H)), let f * be the mapping defined on G by 
WY’ = (wfc/(m)) x 
for all m E M and x E P. 
4.16. LEMMA. A,={f*lf~Hom(R,c,,,,(H))} and iff*=g*forf, 
gEHom(R C,,,,(W), then f=g. 
Proof: Let nz, n E M and x, J E P. Then 
(mx)(ny) = (mrF’)(xy). 
Using Lemma 4.15, we obtain 
[(mx)(ny)]‘* = mn-‘-’ p.r(mn.‘-‘) xy = mxnxp’pf(mnx~‘) xy 
= mxnpA(mn-‘-‘) x) 4’ = mxnpJmXn) y = mxnpJm-‘) pAn) y. 
Now pf(mx) and pAn) both belong to Z(M) and so 
[(mx)(ny)lf* = mxpAm”) np-f(n) y 
= (mx(-Y-‘p-Arn) x))(n&n) y) = (mxy* (ny)f* 
Hence f * is a homomorphism of G into itself. Clearly f * fixes each 
element of P and maps M into M. Suppose now that Q is the restriction of 
f * to M. Then c( E Hom(M, M) and m -‘m’ E Z(M) for all m E M. The 
mapping m + m - ‘ml is a homomorphism of M into Z(M). Since M has no 
nonidentity abelian direct factor, it follows from Theorem 1 of [l] that z is 
an automorphism of M. Hence, f * maps M onto M. It now follows that 
f * maps G onto itself and so f * is an automorphism of G. Since 
[P, f *] = 1 and since [R, f *] = {f(u) I PER} <Z(K), we see that 
f *eA,. 
Conversely, suppose /I E A 5. Define g on R by g(u) = u- ‘up. Then 
g E Hom( R, CZcK,( H)) and g* E A,. Then u ~ lug* = g(u) = u ~ ‘us for all 
UE R and so, by Lemma 4.14(2), J =g*. Thus A5 consists of f * for all 
fEHom(R C,,,,(H)). 
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Now suppose f, g E Hom( R, C,&H)) and f * = g*. Then 
C&f”1 = c4 g*1 
for all UER. Hencef(u)=g(u) for all UER and sof=g. 
Note that although we have a one-to-one correspondence between As 
and Hom(R, C,(,,(H)), this is not an isomorphism of groups. Indeed, 
although Hom(R, C,(,,(H)) is a group (since C,(,,(H) is abelian), A, need 
not be a group. We finish off the discussion of A, by determining its size. 
Recall that s is the number of orbits H has on I. 
4.17. LEMMA. IAs1 = IHom(R, Z(R))I’+ ‘. 
Proof: Let J= I- {i,}. Then H has s - 1 orbits on J. Now K is the 
direct product RJ and so C ,,,,(H) is isomorphic to the direct product of 
s - 1 copies of Z(R). Hence 
lHom(R, C,&W)I = IHom(R, Z(R)Np’. 
Since it follows immediately from the previous lemma that 
IAs1 = IHom(R C,,,,(H))l, 
we have our result. 
Now it follows from Theorem 4.12 that IAl = lAoI IAsl. Also if M is a 
characteristic subgroup of G, then A = Aut(G). Thus combining the results 
of this section with those of the previous section, we have the theorem 
quoted in the introduction. 
4.18. THEOREM. Let P be a transitive permutation group on the finite set 
I, (II > 1, let H be the stabilizer in P of a point in I, and s the number of 
orbits of H on I. Let R be a finite nonabelian indecomposable group. Let 
G = R Wr(R, I) and let A be the group of all automorphisms of G which fi.~ 
the subgroup R’. Then Inn(G) < A < Aut(G) and 
IA/Inn(G)1 
= IHom(H, Z(R)1 lout( I~A,,,p,(W/InnH(P)I lHom(R Z(R)I”-‘. 
Furthermore, A = Aut(G) tf any of the following are satisfied: 
( 1) H = 1 and either I ZI > 2 or R is not a special dihedral group. 
(2) I II > 2 and H is contained in some core-free maximal subgroup 
of P. 
(3) O,(P) = 1. 
(4) R is not of dihedral type. 
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5. APPLICATIONS 
We begin by using the results of the last section to determine whether 
certain subgroups are characteristic subgroups. 
5.1. LEMMA. Let P be a transitive permutation group on the finite set I 
and let G = R Wr( P, I) where R is a finite indecomposable group. Assume 
that U is a characteristic subgroup of R such that U 2 Z(R). Then any 
automorphism of G which fixes R’ must also fix U’. In particular, if R’ is a 
characteristic subgroup of G, then CT’ also is a characteristic subgroup. 
Proof Let A4 = R’ and V= C”. Certainly V> Z(M). If R is abelian, 
then M= V and there is nothing to prove. Assume then that R is not 
abelian. Then the results of the last section are applicable. In particular, if 
A=C AU,(Gj(M), thenA=A,A,A,A,A,,whereAifor l<iQ5isasdetined 
in Section 4. Thus to prove the lemma, it sufftces to show that Ai fixes V 
for 1 6 i < 5. The elements of A, fix each copy of R. Since U is charac- 
teristic in R, A, fixes each of the 111 copies of CJ in (I’= V. Thus A, fixes V. 
The elements of A, fix M elementwise and so A, certainly fixes V. The 
elements of A, induce central automorphisms of M. Since V contains 
Z(M), the members of A, must fix V. Since V is a normal subgroup of M, 
A, must fix V. Now any automorphism of R must fix CT. It follows that if c1 
and /I are elements of A, and R’ = RB, then CT” = Us. This implies that if T 
is a right transversal of H in P, where H is the stabilizer of a point, then 
(U’JrEAz)=(tt’Ut) tET)=U’=V. 
Hence V is fixed by the elements of A,. We now see that every element of 
A fixes V and the lemma is proved. 
For the remainder of the paper we wish to fix some notation. We will say 
that (**) is satisfied provided that p is a prime, n is a positive integer, 
I,, = p”, P,, is a Sylow p-subgroup of the group of all permutations of Z,, 
and G = R Wr( P,,, I,,) for some finite group R. The stabilizer in P, of some 
fixed point will be denoted by H, and M is the subgroup Rln. 
5.2. THEOREM. Assume (**) and that R is a nonabelian indecomposable 
group. Assume that either p > 2 or R is not a special dihedral group. Then M 
is a characteristic subgroup of G and 
lOut(G)I 
= lOut(R)I (p- 1)” IHom(Z,, Z(R))j’P-‘n’n-“,2 IHom(R, Z(R))j’pp”“. 
Proof From Lemma 2.4 and Theorem 2.5, INAut,P,,(Hn)lInn,“(P,,I = 
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(p - 1)“. Since Z(R) is an abelian group and since, by Theorem 2.5, H,/HL 
is elementary abelian of order p”‘“- ‘K~- ‘) *, 
IHom(H,, Z(R))1 = IHom(H,,jH:,. Z(R))1 = (Hom(Z,, Z(R))(n(n-“‘p~-“2. 
According to Theorem 2.5, the number or orbits of H,, on f, is 1+ n(P - 1). 
We now see that the order of Out(G) will follow from Theorem 4.18 once 
we show that M is a characteristic subgroup of G. 
Suppose then that M is not a characteristic subgroup of G. Then 
Theorem 3.4 implies that O?(P,) # 1 # R,!O’(R). Hence p = 2 and IRI is 
even but R is not a special dihedral group. If n = 1, then lP,,l = 2 and it 
follows from Theorem 2.1 that M is characteristic in G. Hence n > 1. Now 
let J= I,, ~, . By induction on n, R-’ is a characteristic subgroup of 
lY= R Wr(P,,+,, J). But G = L’ Wr Zz. Furthermore, M = L x L if L = RJ. 
Since R is a nonabelian indecomposable group, so is U [ 121. Also. since 
1 RI is even and n 2 2, I Lrl is divisible by 8. Certainly then, U is not a special 
dihedral group. Then Theorem 2.1 implies that U x U is a characteristic 
subgroup of G. Since L is a characteristic subgroup of U and since the cen- 
ter of I,’ is contained in R-‘= L, it follows from 5.1 that L x L is charac- 
teristic in G. Hence :I4 is a characteristic subgroup of G and the theorem 
follows. 
5.3. THEOREM. Assume (**) and assume that p = 2 and R is a special 
dihedral group. Then [Aut(G): NAu,,Gj(M)] = 2 and 
ifIf4 >2, 
f ) RJ = 2. 
Proof. First suppose I RI > 2. Then R is a nonabelian indecomposable 
group and Z(R) = 1. It follows from Theorem 4.18 that 
I~~A”l,G, (M),‘Inn(G)l = (Out(R)]. 
If n = 1, then it follows from Theorem 2.1 that [Aut(G): N,,,,,,(M)] = 2. 
Now assume n > 1. The preceding argument yields 
IOut(R Wr ZJ = 2 IOut(R)J. 
Now R Wr Z2 is a nonabelian indecomposable group and is not a special 
dihedral group. Further, Z( R Wr Z,) = 1. Thus 
IOut((R Wr 2,) Wr(P,,_,,I,zp,))l=lOut(R Wr Z,)I=2 IOut(R)I. 
Since (R Wr Zz) Wr(P,,-,,I,,-,)zG, we see that 
IOut( = 2 IOut and [Aut(G): NAut&M)] = 2. 
Thus we have proved the theorem if 1 RI > 2. 
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Now assume JR1 = 2. If n = 1, then G is the dihedral group of order 8 and 
the result is well known. Assume then that n > 1. Let L = R Wr Z,. Then L 
is a nonabelian indecomposable group which is not a special dihedral 
group. Further, L/L’s Z, x Z, and Z(L) 2 Z,. Since JOut(L)l = 2 and 
since G 2 L Wr(P,- , , Z,, _ i), we may use Theorem 5.2 to conclude that 
/Out(G)1 = 2”(“+ ‘)12, Finally, L has two normal subgroups isomorphic to 
Z, z Z, and there is an automorphism CI of L which interchanges the two. 
If we apply x to each copy of L in L Wr(P,z _, , Z,) and fix each element of 
P ,l-l? we get an automorphism of G which does not fix M. On the other 
hand, G has only 2 normal elementary abelian subgroups of order equal to 
lM(. Hence [Aut(G): NAulCGj(M)] =2 and the theorem follows. (When 
/RI =2, the order of lOut( also could be obtained from [4].) 
If R is any finite group other than 1, then R Wr Z, is nonabelian and, 
by [ 121, is indecomposable if and only if R has no nonidentity direct factor 
which is an abelian p’-group. Assuming that R has no such factor, then our 
previous results would allow us to calculate 
IOut((R Wr Z,) Wr(P,-,, I,-,))1 
provided we can compute JOut(R Wr Z,)l. Since 
(R Wr Z,) Wr(P,-,,I,,-,)zR Wf’,,I,), 
we would end up with ]Out(R Wr(P,, [,,))I. As an example of this we have 
the following two theorems. 
5.4. THEOREM. Assume (w) and assume that R is a nonidentity p-group. 
Then 
lout(G)/ = IOut(R Wr Z,)( (p- l)n-l la,(Z(R))(‘P-“n’n-‘).‘2 
x ]Hom(R, Z(R)IfP~‘)(“-‘). 
Proof: If n = 1, the result is trivially true. Assume then that n > 1 and let 
L = R Wr Z,. It is easy to verify that Z(L) z Z(R) and L/L’2 Zp x RfR’. 
It follows that lHom(Z,, Z(L))1 = IQ,(Z(R))I and lHom(L, Z(L))1 = 
lHom(R, Z(R))1 jQ,(Z(R))I. Now GzL Wr(P,_,, I,_,) and since p2 
divides ILJ, L is not a special dihedral group. The theorem now follows 
from Theorem 5.2. 
The result in the next theorem was obtained previously by Gow [4] in 
the special case when R is a cyclic p-group and by Lentoudis [ 10, 11) 
when IRI =p. 
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5.5. THEOREM. Assume (**) and assume that R is a nonidentity abelian 
p-group. Then 
IAWR)l (P- 1)” IQ,(R)1 (P - l)n(n-- lb2 ,Hom(R, R)I”‘P- 1) 
if IRI > 2, 
= P 
Proof. If IRI = 2, this has been done. Now assume IRI # 2. Theorem 4.3 
of [S] implies that IAut(R WrZ,)I = IAut(R)I(p-l)(IRI IHom(R,R)I)PP’. 
Furthermore, it is straightforward to see that Inn( R Wr ZP)l = I R Wr Z,I i 
IZ(R Wr Z,)l =p IRID/lRI =p IRIp-‘. Thus 
IOut(R Wr z 
P 
), = (P- 1) IAuWI IHom(R W-’ 
P 
The desired result now follows from the previous theorem. 
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